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A Composite Velocity Procedure for the 4
Compressible Navier-Stokes Equations

P. K. Khosla* and S. G. Rubint
University of Cincinnati, Cincinnati, Ohio

A new boundary-layer relaxation procedure is presented. In the spirit of the theory of matched asymptotic
expansions, a multiplicative composite of the appropriate velocity representations for the inviscid and viscous
regions is prescribed. The resulting equations are structured so that far from the surface of the body the
momentum equations lead to the Bernoulli relation for the pressure, while the continuity equation reduces to the
familiar compressible potential equation. Close to the body surface, the governing equations and solution
techniques are characteristic of those describing interacting boundary layers, although the full Navier-Stokes
equations are considered here. Laminar flow calculations for the subsonic flow over an axisymmetric boattail
simulator geometry are presented for a variety of Reynolds and Mach numbers. A strongly implicit solution

method is applied for the coupled velocity components.

Introduction

NE of the major differences between solution techniques

for the Navier-Stokes equations and those for either
inviscid potential flow or boundary-layer flow is the treatment
of the continuity equation. For inviscid flow, a potential
function is determined entirely from this equation. The
pressure is then obtained from the integrated momentum or
Bernoulli equation. For boundary. layers, the axial
momentum and continuity equations determine the velocities.
The pressure is obtained from the inviscid solution, i.e.,
momentum equations. On the other hand, typical Navier-
Stokes solvers, in effect, use the continuity equation to obtain
the density (or pressure), and the velocities result solely from
the momentum equations. For large Reynolds number (Re)
flows, it would appear that such a procedure is at variance
with both the asymptotic inviscid and boundary-layer
theories.

In the present paper, a boundary-layer relaxation procedure
based on a new composite-velocity formulation for the
compressible Navier-Stokes equations is described. In par-
ticular, the laminar subsonic flow over a boattail geometry is
used as a prototype problem in order to test the applicability
of the composite velocity formulation. The procedure has also
been developed independently for incompressible flow.!:2
Unlike typical Navier-Stokes procedures that differ
significantly from their compressible flow counterparts, the
present developments are essentially identical in both cases.
Therefore, the compressible solution procedure can be applied
in the limit Mach number —O0 to recover identically the in-
compressible solutions.

The equations are written in a body fitted orthogonal
coordinate system so that arbitrary geometries can be treated.
The formulation is directly extendable to three-dimensional,
internal, -2 turbulent and transonic flows.?7:8

In its final form, the present formulation has some features
similar to the velocity split technique due to Dodge and
Lieber3; however, this resemblance is only superficial. In the
present analysis, a composite representation of inviscid and
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viscous region velocities is prescribed in the spirit of matched
asymptotic expansions. The complete Navier-Stokes
equations are solved. No simplifying approximations are
required. The finite difference form of the resulting equations
is solved by a coupled strongly implicit procedure described
previously by the authors.4

Governing Equations
The governing Navier-Stokes equations in orthogonal
curvilinear coordinates are:
Continuity
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and u and v are the components of velocity along (£) and
normal (n) to the surface, p is the density, p the pressure, H
the stagnation enthalpy, and ® a dissipation function. g and &
are the coefficients of viscosity and heat conduction. &,, A,,
and h; are the metrics associated with the curvilinear coor-
dinate system. These are determined by the mapping
procedure which generates the body-fitted coordinates (¢, n)

from the physical Cartesian coordinates (x,y), where

h2 =h—2 (x’y) =h2 (fﬂ'l): h[ =h—1 (x:.y) =h1 (5,77) ’ and fOr the
axisymmetric flow considered here, h; =y=y(£,9).

A Mapping Procedure

A variety of techniques for prescribing body-fitted coor-
dinate systems is available in literature. In the present paper a
conformal representation (h,=h,) is utilized for the
generation of the coordinate system, although more general
orthogonal systems are acceptable. It should be emphasized
that an orthogonal body-fitted coordinate system is important
for the applicability of the present boundary-layer relaxation
technique. In this system of coordinates, the two-dimensional
inviscid incompressible flow is obtained exactly. More im-
portant, however, for the present analysis, is the fact that in
these coordinates, the viscous boundary layer near the body
will be properly described by a single momentum equation,
i.e., the £ equation for the flow along the surface. The normal
momentum equation (3), in effect, determines the pressure
variations from the inviscid values. This is in conformity with
boundary-layer concepts. For this coordinate system, the
composite: velocity representation, to be detailed in the
following section, becomes a natural extension of interacting
boundary-layer theory to the full Navier-Stokes equations.

An approach for generating body-fitted coordinates, due to
Davis,® has been used in the present investigation. This
method is based on a unique extension of the Schwarz-
Christoffel transformation applicable to smooth surfaces
For example

dz
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where the z plane is the physical plane and { the transformed
plane. M is a parameter. A finite number of discontinuities in
the body shape can easily be incorporated in the mapping
routine. In the case of a boattail, one juncture point
represents such a discontinuity. The nonlinear in-
tegrodifferential equation is integrated numerically. Equation
(6) is rewritten as:

d7=f;(s“)f;(s“) Y
where f, ({) is a smooth and well-behaved function and f, ({)
is written as f, ({) = ({—a,) =%/ near the corner points a,.
Away from the juncture f,({) is well behaved along the
boattail. Equation (7) is integrated numerically between any
two grid points ({;_,, {;) by using the trapezoidal rule in the
complex plane. Thus,

Zi =%~ 1—f1(§' i+ 1) 2<§‘+§‘, 1)(§‘ =& (8a)
Iffi—1%a1<§i
z—zi_1=f2<§‘i+2§‘i—1)[(fi»—al)l—l/;;;/g-;_l_a1)1—1/7r}

(8b)

clearly expression (8b) is well behaved near the corner
singularity for a,. A typical solution for the boattail is
depicted in Fig. 1. It should be noted that the accuracy of the
mapping is determined solely by the integration formula used
for the integration of Eq. (7). Typically the trapezoidal rule
leads to second-order accurate mapping functions and
derivatives. Higher-order quadrature rules, such as Simpson’s
rule or the one obtained from the application of spline in-
terpolation, also can be used when necessary. In spite of the
fact that z is well behaved at {=a,, the mapping is
nonanalytic at the boattail juncture. This introduces a con-
siderable amount of complication in the flowfield com-
putation. The choice of the grid in the juncture region
becomes highly critical. Mesh points very close to the juncture
introduce large mapping derivatives, thereby increasing the
truncation error. A coarse grid may not resolve the recir-
culation region properly. This suggests that a proper balance
between those two conflicting effects must be considered for
the accurate evaluation of the boattail flowfield. The metric
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coefficient 4, has been evaluated near the surface of the body -

by a central finite difference approximation. This introduces a
certain degree of smoothing of the corner singularity.

Composite Formulation
The flow outside the thin viscous region near the surface is
essentially inviscid. and can be determined by a potential
function ¢; therefore, the following composite representation
of the velocity field in the spirit of matched expansions is
prescribed.

u=(Urh))(I+¢,)=u,U 9a)
v=(1/hy)¢, (9b)
These expressions are used in the Navier-Stokes equations

[Egs. (1-4)]. After some manipulation, the following system
for ¢, U, S results.
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and G(§) is specified for external flow so that G=0 in the
freestream. G is similar to a Bernoulli or total pressure in the
inviscid region and S is proportional to the entropy. It is
chosen to be zero in the freestream. G is not assumed con-
stant, but is determined by the calculation procedure. In the
inviscid region U—1 and the continuity equation reduces to
the familiar nonlinear potential flow equation. The
momentum equations are satisfied identically with G'= const.
In the viscous region, the continuity and &-momentum
“equations determine U and ¢. The viscous total pressure
correction is obtained from the n-momentum equation in
which only % derivatives appear. These two flow regions,
pertinent to large Reynolds number analysis, are then ap-
propriately described by the composite system [Egs. (10-13)].
The equations conform with those of boundary-layer and
inviscid flow theory.

This method of defining v with a ‘‘potential’”” was first
tested for the flat plate boundary-layer (U,¢) equations. The
solution of the resulting two-point boundary-value problem
exactly reproduced the results obtained with standard
methods based on the velocities # and v. It should be noted
that the present system of equations can also be used for the
solution of the inviscid flow when Re=o and U=1 on the
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surface. With S,=0 in Eq. (11), the normal momentum
equation (12) decouples from the axial momentum equation
(11) and continuity equation (10); therefore, the system (11-
12) represents an interacting boundary-layer approximation,
if axial diffusion terms are neglected. In addition, if o, and
¢, in Egs. (10) and (11) are replaced with their respective
potential flow values, the wusual boundary-layer ap-
proximation is recovered.

For the calculations of separated flows it is essential that U
and ¢ be solved in a coupled fashion to eliminate the pressure
singularity that would otherwise occur at the separation point.
However, the variable ‘G, which represents the Bernoulli
constant in the inviscid flow, can be treated explicitly. Finally,
the p-momentum equation (12) determines the entropy, S,
variation across the viscous layer, and when combined with
the energy equation and the equation of state leads to p, 7,
and p. The coupling between U and ¢ is maintained with the
coupled strongly implicit procedure (CSIP)* for the solution
of the algebraic system obtained by discretizing Eqgs. (10) and
(11). .
Dodge and Lieber? have considered a velocity-split
procedure in which u=U+¢,, v=V+ o where ¢ is
evaluated from the inviscid flow alone. This splitting in-
troduces an extra unknown, i.e., (&,v) — (U, V,¢), so that an
auxiliary condition is required. This is introduced by
assuming that the pressure is determined from the potential ¢
alone, i.e., the “‘inviscid”’ Bernoulli equation. Also, V is
determined from the n-momentum equation and not the
continuity equation, as for the composite and boundary-layer
procedures. More important is the fact that this splitting is not
a true composite representation of the inviscid and viscous
flows, since the overlap solution is not included, i.e.,
U=upy + Uy —Uoypriap. This creates considerable dif-
ficulty with boundary conditions and reflects on the
“‘numerical matching’’ of the U, V, ¢ system. In the com-
posite approach presented herein, the boundary conditions
are obtained in a straightforward and natural manner. The
matching of U, ¢ is consistent with the asymptotic theory.

Finally, the Dodge procedure has experienced difficulty for
separated flows; a problem not encountered with the (U,¢)
composite formulation.

Boundary Conditions

Since the geometry under consideration is infinite in both
directions, the inflow and outflow conditions are extremely
important for the solution of the flow problem. At the inflow,
(=0, U=1, ¢=0, H=H,, except at =0, where U=0,
H=H,, Onthe solid surface, 7=0, U= ¢, =0, and for 5— oo,
U-1, ¢—0, H—H,, S—0. At the outflow, £— oo, ng =0,
and ¢, =0. In effect, the latter outflow condition eliminates
the viscous-inviscid interaction within the boundary layer.

Solution Procedure

The governing equations have been discretized using
second-order accurate central differencing for all ¢ derivatives
except the (oh;U) ¢ term in the continuity equation; this term,
which vanishes in the inviscid flow, is backward differenced.
The 7 derivatives are also central differenced, except for the
normal momentum equation (12), for which the two-point
trapezoidal rule is applied. The resulting implicit algebraic
system of equations has been solved iteratively using the
coupled strongly implicit procedure. The continuity and &-
momentum equations for ¢ and U are solved in a coupled
fashion, while the y-momentum equation for S is evaluated
iteratively. The energy equation is solved independently with
the strongly implicit algorithm. In the £-momentum equation,
G and S are treated as known during each iteration. Although
the total pressure G is evaluated explicitly from the energy
equation, the static pressure is completely unknown and
depends upon the values of ¢, and ¢,. Since ¢ is evaluated
implicitly in the coupled algorithm, this implies that the
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pressure is also treated implicitly. This procedure eliminates
the separation singularity. Also, in view of the relaxation
nature of the method of solution, i.e., ¢, terms in Egs. (10)
and (11), departure solutions, typical of marching techniques,
do not appear.

Coupled 2 X 2 Solution Algorithm

In an - earlier paper? the present authors developed a
coupled strongly implicit procedure for the stream function-
vorticity form of the Navier-Stokes equations. This algorithm
has the distinct advantages of being implicit in both the § and
n directions, as well as allowing for the coupling of all the
boundary ‘conditions. Furthermore, the method is un-
conditionally stable, allows for arbitrarily large Az, converges
faster than SOR, LSOR, ADI, etc., and is insensitive to the
grid aspect ratio. The discretized version of the equations can
be written as

(A+P)Vi+tl=G+ PV

where
Uij uI.l ¢II
V= » UIJ = uzj s ¢U = ¢2j
b . .
Uny N

P is chosen such that (4 + P) can be decomposed into a lower
and upper triangular form having a sparsity pattern similar to
the original matrix 4. This leads to a solution algorithm of the
following form

{Uij}nH:{GM,ijl . {T,ij T3ij} {Ui,j—I}"'H
by , GMz,-j Tsij T7,-- Bij-1
Ty, Ts,»j i1y

where n is the iteration index. Although the coupling ac-
celerates the rate of convergence, it also increases the storage
requirement by a factor of two. In its present form the CSIP is
slightly different from the one given in Ref. 4. The forward
and backward sweeps have been reversed in order to impart a
certain degree of marching, consistent with the boundary-

layer behavior. As shown in Ref. 4, the appropriate
recurrence relationships can easily be obtained.

Results

Both unseparated and separated flows are considered. As a
simple but important test of the procedure, the laminar flow
along an infinite straight cylinder at zero incidence for
Re=7500 and a variety of subsonic Mach numbers were
evaluated. The results are in excellent agreement with the
known boundary-layer solutions. In the present paper, the
results for subsonic flow along a boattail geometry are
presented. The boattail shown in Fig. 1 consists of a circular-
arc section which joins the cylinder at an angle of 15 deg. This
is the chord angle from the onset of the boattail to the junc-
ture. The local corner angle is 30 deg. The boattail is mapped
into an infinite cylinder using the Schwarz-Christoffel
transformation. Of the 60 equally-spaced points along the
boattail in the physical plane, 12 are along the circular-arc
section. The computational grid in the physical plane is shown
in Fig. 1. Although the solution procedure did not have any
problems near the corner of the boattail, the pressure and skin
friction, as shown in Figs. 2a and 2b, exhibit kinks due to the
singularity in the transformation when the metric A, was
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calculated analytically. This behavior is further amplified
with coarse grids. Smoother solutions are obtained with finer
erids and by using finite difference approximations for the
calculations of #,. With improved resolution these can be
suppressed. As noted previously, this amounts to smoothing
the corner region. Since the geometry under investigation is
infinite and a discontinuous (step) inflow solution for U is
prescribed, the inflow location behaves very much like a
leading edge. In order to avoid any computational problems
associated with this approximate initial condition, a bound-
ary-layer approximation was imposed for the first five grid
points in both the £ and 5 directions, i.e., G, — TS, =0.

Figure 3 depicts the streamlines over the boattail for
Re=5000, M, =0.8 and Re=7500 and M, =0.3. In all the
cases considered, an inviscid flow was first evaluated by
prescribing U=1 on the body surface. Uniform initial con-
ditions for U were assumed for the inviscid calculation. For
the first 50 steps of the iterative cycle a time increment
At=0.1 was prescribed. Subsequently, A¢ was increased to
106. The final solutions are obtained with this value of A¢. For
Re <2000 and M_ <0.3, it was possible to start with Az=10°
directly. This may perhaps be a fortuitious circumstance
associated with the relatively coarse grid that has been
specified for the present investigation. For finer grids, it is not
expected that large A values can be used in the initial stages of
the transient. The pressure coefficient and skin friction along
the surface are shown in Figs. 4 and 5, respectively. These
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. results are for constant stagnation enthalpy [H=1+(y—
] 1)/2MZ2]. As the Reynolds number increases the separation
01— point moves upstream, i.e., towards the beginhing of the
- boattail. The size of the recirculation bubble increases from
. 2.2 rad for Re=5000 and M_ =0.3 to 2.3 rad for Re=7500,
] M_=0.3 and to 2.7 rad for Re=5000 and M, =0.8. The
2.2 . i : peak pressure generally occurs about one grid point down-
X _12 3 I ! stream of the reattachment point.

Solutions for a cold wall boundary conditions cor-
Fig. 4a Pressure coefficient, M =0.8, Re=5000. responding to H,=0.85 H_,, Re=7500, and M, =0.5 are
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Fig. 6a Pressure coefficient; M, =0.5,Re=7500,H,=0.85H.
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shown in Fig. 6. It should be noted that the effect of this cold
wall boundary condition on the final solution is minimal.
Finally, solutions have been obtained for Re=10%, M, =0.3.
As the Reynolds number increases, mesh refinement and
therefore smaller initial values of At are required. In addition,
a Khosla-Rubin (K-R)’ type of deferred-corrector for
(oh;U); is helpful during the transient phase, allows for
larger values of Af, and provides better stability and con-
vergence characteristics. Furthermore, it should be pointed
out that for the cases under consideration, step initial con-
ditions (u=1, v=0, y>0; u=v=0, y=0) are prescribed at
approximately 3 rad upstream of the boattail. The flow
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negotiating the turn exhibits a relatively thin boundary layer
with a steep velocity profile. This initial condition has a
significant influence on and limits the extent of the recir-
culation region. The effect of inflow conditions on the flow
characteristics on the boattail can be substantial and this
effect is considered in greater detail in Ref. 8.

All of the computations have been carried out on the
University of Cincinnati Amdahl V470 computer. Typical
CPU time for a converged solution with 60 x 30 grid is ap-
proximately 15 min. The computational domain starts ap-
proximately 3 rad upstream of the boattail and terminates at 6
rad downstream. The outer (y) boundary is at 13 rad.

Summary

A new solution procedure based on a composite velocity
representation suitable for high Reynolds number com-
pressible viscous flows is considered herein. The method
reduces to a potential flow description in an inviscid region
and in viscous layers represents the extension of viscous-
inviscid interacting boundary-layer theory to the complete
Navier-Stokes equations. A CSIP is used to couple the viscous
U and inviscid ¢ velocity components. This algorithm is
extremely efficient as a steady-state solver.
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